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ABSTRACT 
The main task of this work is to investigate the radiation transfer in thermal 
plasmas using the approximate method of spherical harmonic functions  
(PN-approximation). The thesis is of theoretical nature. Main attention was given to the 
most popular P1-approximation. Spectral dependence of absorption coefficients was 
handled by means of multigroup approximation. The computational code for calculation 
of radiation characteristics in isothermal plasma cylinder and in plasma cylinder with 
given temperature profile was prepared. Radiation characteristics of air plasma and 
plasma mixture of SF6 and PTFE were calculated. 
Obtained results account for data for including radiation losses into the total 
energy balance of arc plasma. They are used in mathematical models of electric arcs 
created by our collaborators from Institute of Plasma Physics Academy of Science in 
Prague and from abroad (ABB Corporate Research, Switzerland and Siemens AG 
Corporate Technology, Germany). 
 
KEYWORDS 
Radiation in thermal plasma, radiation transfer, arc plasma, Planck and 
Rosseland mean absorption coefficient, multigroup approximation, PN-approximation, 
net emission coefficient 
 
ABSTRAKT 
Hlavním cílem práce je studium radiačního přenosu energie v termálním 
plazmatu pomocí aproximační metody sférických harmonických funkcí  
(PN-aproximace). Práce má teoretický charakter. Pozornost je věnována především  
P1-aproximaci. Spektrální závislost absorpčních koeficientů byla zpracována pomocí 
multigroup aproximace. Byl vytvořen výpočetní program pro výpočet radiačních 
charakteristik v izotermickém válcovém plazmatu a ve válcovém plazmatu s daným 
teplotním profilem, a vypočteny radiační charakteristiky pro plazma vzduchu a směsí 
SF6 a PTFE. 
Získané výsledky umožňují zahrnout radiační ztráty energie do celkové 
energetické bilance plazmatu elektrického oblouku. Jsou využívány v matematických 
modelech elektrického oblouku, které vytváří naši spolupracovníci z Ústavu fyziky 
plazmatu AV ČR v Praze a také ze zahraničních pracovišť (ABB Corporate Research ve 
Švýcarsku a Siemens AG Corporate Technology v Německu).  
 
KLÍČOVÁ SLOVA 
Záření termálního plazmatu, přenos záření, obloukové plazma, Planckův a 
Rosselandův střední absorpční koeficient, multigroup aproximace, PN-aproximace, net 
emission koeficient 
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1. INTRODUCTION 
1.1. STATE OF ART 
Radiation transport of energy plays an important role in many plasma processing 
devices. Electric arc plasmas are utilized in a number of industrial applications, e.g. in 
plasma metallurgy, plasma cutting, structure creation on the surface, waste treatment, 
etc. Jets of thermal plasma are produced in plasma generators. Common arc plasma 
generators operate with electric arc stabilized by a gas flow, usually argon, nitrogen or 
mixtures of these gases with hydrogen or helium. 
Electric arcs in high power circuit breakers are other important application of 
thermal plasma. For all kinds of high power circuit breakers, the basic mechanism is the 
extinguishing of a switching arc at the natural current zero by gas convection. The best 
type of circuit breakers from the point of view of extinguishing properties is the SF6 
self-blast circuit breaker. The switching arc burns inside the narrow nozzle of synthetic 
material, PTFE. Due to high emission of radiation from the arc, the synthetic material 
ablates and causes a high overpressure inside the nozzle and drives the gas flow in the 
circuit breaker. Plasma is a mixture of products of dissociation and ionization of SF6, 
PTFE and metal admixtures from electrodes. 
To gain information about physical processes occurring in electric arcs by means 
of measurements is very difficult due to extreme experimental conditions such as high 
temperature, pressure and velocity of the gas. In such cases, the mathematical modeling 
is of great importance. However, the non-linearity of equations describing the radiation 
field and strong dependence of input parameters on the radiation frequency and 
properties of the medium make mathematical plasma models very complicated. There 
are great difficulties due to complex structure of the absorption spectrum of the plasma, 
which may includes thousands of spectral lines. The absorptivity can vary by several 
orders of magnitude across very close frequency intervals. One must integrate for 
radiation of all elements along any particular direction, and simultaneously over all 
solid angles. Therefore, direct frequency integration of the spectral characteristics of 
radiation is impossible in practice, even with modern computers, due to the large 
computation times required.  
Several approximate methods of accounting for radiation transfer in the arc 
plasma have been developed. A computationally convenient method is the use of 
isothermal net emission coefficients of radiation defined by Lowke [1]. This method 
gives very good results for central part of the arc, but it is rather rough approximation at 
the edge of the arc with steep temperature gradient. Another approximate method of 
partial characteristics, formulated by Sevastyanenko [2], enables to describe both the 
processes of the emission in hot central arc and the absorption in cold edge. In this 
method, spectral absorptivities are pre-calculated and tables of two special functions – 
partial characteristics – are prepared. The calculation of energy balance of the plasma 
consists in computational searching in these tables and the spatial integration of partial 
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characteristics over all solid angles. This method has been elaborated at our Faculty by 
Aubrecht [3], and tables of partial characteristics have been prepared for many types of 
plasma. 
 
1.2. OBJECTIVES OF THE DISSERTATION 
The main task of this work is to investigate the radiation transfer in thermal 
plasmas using the approximate method of spherical harmonic functions  
(PN-approximation). The thesis is of theoretical nature. Main attention was given to the 
most popular P1-approximation. Spectral dependence of absorption coefficients was 
handled by means of multigroup approximation. The computational code for calculation 
of radiation characteristics in isothermic plasma cylinder and in plasma cylinder with 
given temperature profile was prepared. Radiation characteristics of air plasma and 
plasma mixture of SF6 and PTFE were calculated. 
After the introductory chapter, the work is divided into 7 chapters. General 
plasma properties and basic equations of arc modeling are given in Chapter 2.  
Chapter 3 sums up basic conception and equations of plasma radiation and formulates 
the equation of radiation transfer. In Chapter 4, absorption properties of plasma are 
discussed. Chapter 5 deals with the description of the general method of spherical 
harmonic functions (PN-approximation) and its mostly used versions - 
P1-approximation and P3-approximation. In Chapter 6, the multigroup method for 
spectral approximation is described. Various methods of the calculation of mean 
absorption coefficients are discussed in Chapter 7. The focus of the thesis is in the 
Chapter 8 which is devoted to application of theoretical background to the air plasma 
and to various mixtures of SF6 and PTFE plasmas. 
Obtained results account for data for including radiation losses into the total 
energy balance of arc plasma. They will be used in mathematical models of electric arcs 
created by our collaborators from Institute of Plasma Physics Academy of Science in 
Prague and from abroad (ABB Corporate Research, Schwitzerland and Siemens AG 
Corporate Technology, Gernmany). 
 
1.3. HISTORY OF PLASMA RESEARCH 
Research before the 20’s of the twentieth century 
The research of plasma is believed to have been started in the middle of the 
eighteenth century. At the same time (1750-1752) B. Franklin “tamed” lightening and in 
year 1769 according to the order of Grand Duke of Tuscany lightening rods were 
installed near all gunpowder depots of the Duchy. [4] 
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The introduction of Volta’s electric cell led to the discovery of an electric arc at 
the beginning of nineteenth century (Petrov and Davy). For the first time the electric arc 
in laboratory was observed and scientifically described by Russian physicist V.V.Petrov 
in 1802. He described his observation in the paper “The report on Galvani and Volta 
experiment”. Petrov carried the experiment with large batteries made of 4200 copper 
and zinc plates. Petrov described his experiment as follows: “If one puts close together 
two cinders connected to the poles of a power source, very bright light of flame appear 
between them, the cinders become more or less incandescent and the room can be 
lighted up”. [5] 
At the same time Davy made a study of arc and published his work dealing with 
“electric light” between carbon electrodes in 1810. [6] Davy made an exact description 
of the electric arc in 1812. He mentioned the creation of the constant discharge between 
two carbon electrodes in a hot air if the electrodes were put together and separated 
again. The electrodes were in a horizontal position and the discharge was in the form of 
an “arc”. The name of the arc discharge arose just from this similarity to a geometrical 
arc. [5] 
Soon after the arc discovery, its high temperature was recognized. In 1815, 
Children was successful in the arc gasification of oxides of tungsten, molybdenum and 
cerium. He also demonstrated melting of iridium and uranium oxide in the arc. 
Due to its attraction, the electric arc became the subject of a research interest. In 
1820, Charles Gaspar de la Rive demonstrated electric arc at a meeting of Swiss 
physicists. Next year Davy discovered an influence of a magnetic field on the arc. 
Chemical phenomena in the arc were described in 1822. Silliman found ozone 
creation during the arcing and first observed transfer of an electrode material in the 
electric arc. 
In the 40’s Danieli first ignited the arc by a spark. In the same period, all the 
experiments with the arc were aimed to the exploitation of it as a source of the light. 
Grove was the first who carried out experiments on metal electrodes, resulting in 
definition of material succession according to the substance of the light and the arc 
length. He also published the fact that admixtures of potassium or salt in the electrodes 
enable more silent arcing. [5] 
Alongside with the development of engineering applications of the electric arc, 
in the middle of the nineteenth century the basis of plasma physics was established. 
That was linked with the research of electric characteristics of matter, first the Faradays’ 
laws of electrolysis (the 1830’s), and then the effect of electric and magnetic fields on 
particle flux in discharge tubes with low gas pressure. Faraday was the first one who 
explored that kind of discharge and then the experiment was frequently repeated by 
Geissler (the 1850’s). But thorough research of discovered “cathode beams” was started 
only in the 1870’s when Crookes proved them to be the particle flux. [4] 
The scientists had been hazy about current conduction in the plasma until the 
1902, when Thompson and Stark proposed an ionic theory of the electric arc. They 
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supposed that the electrical conduction in the plasma is the same as for other substances, 
i.e. the electric current is caused by a free motion of the charge carriers (positive and 
negative ions) between electrodes. The ionic theory was not described mathematically 
at that time, because the elementary atomic laws had not been known yet. The most 
speculative was a prediction of a number of both ionized atoms and dissociated 
molecules. Saha's theory of thermal ionization was revealed twenty years later. 
In the second half of the nineteenth century new essential fields of applications 
of the electric arc were found: the source of light (Yablochkov, 1870) and the mean of 
welding (Benardos and Slavyanov, the 1880’s). [5] 
Since 1908 “neon tubes” of advertisings was shining, i.e. Geissler discharges, 
and plasma commutators started to be developed: mercury rectifiers, thyratrons and 
interrupting chambers for high power circuit breakers. Arc lamps of high luminosity 
were introduced. 
Until the middle of 1920’s Townsends’ works regarding the motion of charged 
particles in slightly ionized gas were considered to be fundamental. His research on the 
influence of transverse magnetic field on electron mobility in electric field was believed 
to be the most significant one. 
The separation of plasma physics from the discharge physics is usually 
associated with I. Langmuir. His major works were written in the 1920’s and consisted 
of three fundamental ideas. 
First of all, he invented new, totally different vacuum device – diffusion pump – 
that enabled to create high and clean vacuum. Secondly, he improved both theoretical 
and practical approach to the measuring of plasma parameters by means of electrostatic 
probe. It enabled to define the space distribution of electron temperature (Тe), electric 
potential and density in plasma with higher accuracy. Due to these facts electrostatic 
probe is now called Langmuir probe but the first measurements by means of such 
device were carried out by Lecher in 1887. Thirdly, Langmuir and Thompson wrote 
several theoretical works where they described specific plasma oscillations of Langmuir 
frequency
m
ne2
0
4
  . And finally, it was I. Langmuir who introduced both the notion 
“plasma” and its definition as one of four fundamental states of matter. 
Also in the 1920’s the theory of thermodynamically equilibrium plasma was 
developed. The discovery of ionosphere (Heaviside) and the first attempts to simulate 
aurora are considered to be the significant achievements of that time. [4] 
Langmuir described the plasma as “glowing gas consisting of electrons, ions of 
different type as well as neutral atoms and molecules”. He introduced basic parameters 
which characterize the plasma: the density of its constituent particles (electrons, ions 
and neutral particles) and their temperatures respectively. [7] 
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Research and developments in the 30’s and 40’s of the twentieth 
century 
At that time based on the Boltzmann’s kinetic equation B. Davydov derived 
Boltzman-Dvydov’s collisional coefficient for weakly ionized plasmas and introduced 
the electron distribution function in case of uniform electric field. In 1938 A. Vlasov 
created his system of equations with self-consistent field that was based on the 
Liouville’s equation and described the kinetics of fully ionized plasmas more precisely. 
In the 40’s the World War II affected the evolution of plasma research. There 
was a period of time when SHF-devices (super-high-frequency devices) for radio 
detection were introduced (e.g. radar sources of centimeter - and decimeter -wavelength 
range, waveguides and supersensitive receivers). These achievements ensured the 
development of plasma radiodiagnostics, SHF-discharges and radio astronomy that 
provided essential information regarding plasma processes in space. [4] 
But the most influential ones were attempts to develop an atomic bomb. Special 
devices for electromagnetic separation of uranium isotopes had to be equipped with the 
strong source of ions and highly productive separators that managed to operate in case 
of high ion fluxes. These beams are quasi-neutral, i.e. they have the plasma nature. 
Oneself atomic bomb explosion generated plasma with very high parameters. 
 
Research in the 50’s and the 60’s 
The new problem of a hydrogen bomb gave a rise to the idea of a controlled 
thermonuclear fusion (in case of the hydrogen bomb they speak about the explosion, i.e. 
the uncontrolled fusion) and thus there was the origin of the new field of laboratory 
plasma research – physics of the “hot plasma”, i.e. the plasma with temperature 
~10 keV = 108 K. 
Towards the end of the forties – the beginning of the fifties the book of Swedish 
astrophysicist H. Alfvén called Cosmical Electrodynamics was published. This work 
described the self-consistent dynamic of perfectly conducting plasma and magnetic 
field. It showed the major role of electrodynamic processes in space, and the introduced 
model of plasma dynamic called the “magnetohydrodynamics” was considered to be 
innovative. 
Thus, in the early fifties there was the basis for the kinetic and dynamic 
description of both classic discharges and the high-temperature plasma after “nuclear” 
explosions. Also there was the philosophy of high-temperature plasma of space objects 
and its confining by means of magnetic fields in laboratory environment. 
In the 50’s and the 60’s there was the search for new plasma “traps” to eliminate 
instabilities (to confine the high-temperature plasma). So called “bungy traps” 
(“probkotrons”, “opened traps”, “mirror traps” that were introduced by G. Budker in 
1954, the USSR and by R. Post in 1952-1953’s, the USA) were used the most. [4] 
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Towards the end of the fifties the research on toroidal discharges in strong 
magnetic fields was started. As a result the tokamak (toroidal chamber with magnetic 
coils) was introduced. In contrast to previous toroidal discharges that had been 
investigated in England, the USA and the USSR, it applied the strong longitudinal 
magnetic field. 
Although in the second half of the forties E. Fermi, E. Teller and other founders 
of atomics carried out the researches on the controlled thermonuclear fusion in the 
USA, the first facility was introduced only in 1950-1951. At the same time linear 
discharges were also investigated but the more perspective ones were discovered to be 
stellarators, i.e. toroidal systems without the current in the plasma (stellarator – closed 
magnetic trap to confine the high-temperature plasma). [4] 
The stellarator was introduced by the astrophysicist L. Spitzer, Jr. who also was 
the head of the research team that investigated that system. By means of the device the 
plasma with high parameters was generated but general results of the experiments were 
moved over tokamak ones. As a result at the end of the 60’s in the USA researchers 
replaced stellarators with tokamaks. 
Thus, in the 50’s and the 60’s the methods of high-temperature plasma 
generation by means of impulsive high-current discharges, strong ion sources and 
generators of SHF-waves (gyrotrons) were developed. Also there was the introduction 
of non-contact methods for the determination of local temperature and plasma density, 
distribution function of electrons and ions, magnetic and electric fields and other values.  
At that time there was the research on strong shock waves and streams generated 
by bomb explosions. The temperature of such waves is up to hundred thousands 
degrees, there is the strong excitation and ionization of air particles. Specific dynamics 
of high-density plasma in case of strong radiation leaded to the establishment of the new 
scientific field called “radiation plasmodynamics” (N. Kozlov, Yu. Protasov and 
others). 
Besides above mentioned trends, the creation of gas and plasma lasers (the 60’s) 
played the major role in the development of low-temperature plasma physics. Also there 
were attempts to develop plasma-chemical and MHD (magnetohydrodynamic) 
generators (in order to increase the power plant efficiency). Based on those researches 
the new science field, plasmochemistry, was established (L. Polok, B. Smirnov and 
others). 
At the same time the technology of surface treatment by plasma was developing  
(V. Gusev, M. Guseva, V. Padalka, V. Tolok and others). The achievements of 
theoretical plasmodynamics are widely used in the present-day space technology 
(including plasma engines) and in analysis of thermodynamic processes in the 
magnetosphere of the Earth and planets as well as the dynamics of star and galactic 
matter. 
Also “plasma optics” that could be useful in research on steady plasma engines 
and plasma lenses was actively developing. [4] 
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1.4. EXAMPLES OF MODERN PLASMA TECHNOLOGIES 
Plasma glow is the result of continuously running recombination of electrons 
and ions to neutral atoms and it is accompanied by releasing of energy and decreasing 
of electrons and ions concentration. Stationary state of the plasma can exist only if there 
is a continuous source of ionization. It may be an electrical discharge in a gas, which is 
occurring in a constant electric field (ordinary gas discharge, arc, etc.) or in the high-
frequency field (induction coils energized with high frequency electrodes, etc.). The 
plasma can be formed by the gas thermal ionization only if the gas medium is 
maintained at a sufficiently high temperature (stars, flame of a gas burner). [7] 
 
1. Plasma generators 
Plasma technology is based on plasma generators, i.e. the systems for ionization 
of the working substance and transmission of energy to the generated plasma. Plasma 
can be generated under the influence of different energy: electromagnetic fields, 
electron fluxes, ions and neutral gas fluxes in case if they have required parameters. 
Electromagnetic fields are mainly used to keep the plasma for a long period of time. 
According to constructive characteristics and occurring processes plasma 
generators could be divided into 5 classes which consist of significantly different 
subclasses. 
 
 “Plasma heaters in enclosed volumes” 
It is divided into 2 subclasses: the heaters of low-temperature plasma and the 
heaters of high-temperature plasma. Classic discharges in the enclosed volumes (e.g. 
different discharge lamps based on glow and arc discharge) belong to the former one. 
The later subclass includes ohmic modes in tokamaks and stellarators as well as modes 
of plasma heating by means of both SHF radiation and fluxes of fast neutral atoms. 
 
 Plasma flux generators 
There are also 2 subclasses: plasmatrons and plasma accelerators. 
Plasmatron is the generator of low-energy fluxes usually working under 
atmospheric pressure. It operates under DC conditions and influence of HF and SHF 
waves as well as laser radiation. Plasmatrons are the most widespread plasmodynamic 
systems. They have different modifications with the power range of hundreds watts to 
megawatts and are mainly used in plasma-based chemistry, mechanical engineering, 
scientific research and medicine. 
Plasma accelerator is the generator of plasma bunches (pulse guns) or fluxes 
(stationary or quasi-stationary) with high energy of particles (from several eV up to 
hundreds keV and higher). 
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 Ion sources as plasma generators (ion sources with gas discharge 
chamber) 
Ion sources are useful in case of ion fluxes with high energy and low mass. 
 
 Erosion plasma sources 
In case of solid starting substance there is the evaporation of the substance under 
the influence of discharge and following vapour ionization. Erosion zones could be 
different but for the arc discharge we usually speak about cathodes (welding, mercury-
arc rectifier, cathode spots on cold cathode). 
 
 Slowing-down hypersonic fluxes 
This subclass of plasma generators includes meteorites, space ships which are 
coming back to the Earth, and also atomic explosions. 
 
 
2. Plasma in daily life 
The introduction of plasma technology into daily life started in 1908 from 
advertising vacuum tube lamps and spark-plugs in cars. Even before that the arc 
discharges, i.e. “Yablochkov candle”, had been used for illumination. 
 
 Fluorescent lamps 
These lamps were created by S. Vavilov in the USSR. The lamp looks like a 
straight glass tube with periodically heated electrodes at both ends. In steady-state 
operation mode inside the tube there is the glow discharge that produces ultraviolet 
radiation due to mercury evaporation. The luminous efficacy of these lamps is 5 time as 
higher as of incandescent lamps. To convert the radiation to visible light the inner 
surface of the gas-discharge tube is coated of phosphor. 
 
 Plasma display panels 
TV and computer monitors with “plasma” screens (panels) were introduced in 
2000’s. In general this panel consists of 6105,03~   fluorescent lamps of three basic 
colors such as red, green and blue. 
 
 Plasma surgical knife (scalpel) 
In Bauman MSTU Kozlov’s research team along with health-care institutions 
created the miniature plasmatron that works in the open air and generates long narrow 
plasma stream which could be used as surgical knife. The plasma surgical knife has 
some advantages in comparison with traditional metal one. First of all the flesh does not 
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bleed because the blood immediately coagulates after the contact with plasma and thus 
encloses the blood vessels. This is very important during surgeries under combat 
conditions and was proved by using of the plasma surgery knives in mobile military 
hospitals. 
 
 Chizhevsky Chandelier 
According to [4] negative aero ions considerably affect the presence of the fresh 
air in atmosphere. Chizhevsky was the first one who created the atmosphere of fresh air 
in the laboratory by means of “chandelier”, i.e. the low-current high-voltage discharge 
generated between the sharp cathode and the plane anode. This device not only 
generates required ions but also plays an important role of an electrodischarge filter. 
Dust particles and microbes in the air are charged, drawn to electrodes and deposit to 
them. Thus, additionally the air is purified. 
 
 
3. Structure creation on the surface of solids by means of plasma 
technology 
Using of plasma in general and ion-plasma systems in particular in mechanical 
engineering, microelectronics and coating of everyday items and tools by films of 
different kind are becoming more common in daily life. Moving to plasma technology 
allows replacing of laborious and ecologically polluting methods by easier and 
ecologically friendly ones. [4] 
 
Examples of technologies: 
 spraying of metal films (film creation by means of sprayed atoms); 
 diamond and diamond-like films; 
 application of polymer coatings; 
 modification of metal surfaces by means of plasma bunches (to increase 
hardness, abrasion corrosion resistance, etc.); 
 ion and plasma space engines; 
 steady plasma engines. [4] 
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2. RADIATION TRANSFER IN THERMAL PLASMA 
2.1. BASIC PROPERTIES OF PLASMA 
Plasma can be defined as a quasi-neutral gas of charged and neutral particles 
characterized by a collective behavior. Plasma is a partly or fully ionized gas which is 
electrically neutral over a volume  D
3
, where D is the Debye shielding distance 
(quasi-neutrality) 
2
0
en
Tk
e
eB
D

  ,   (1) 
where 
0  is permittivity constant, Bk is Boltzmann constant, eT  is electron temperature,  
en  is electron density, e is electron charge. 
Typical values of the Debye distance depend strongly on the electron density. In 
space plasmas where the electron density is low, the Debye distance may reach 
macroscopic values (e.g. in solar wind D  10 m). In the Earth conditions, the Debye 
distance is very small: in ionosphere D  10
-3
 m, in tokamaks and gas discharges  
D  (10
-5
 – 10-6) m, in semiconductors D  (10
-7
 – 10-9) m. Hence, the Debye distance 
is the scale length to which a charge in the plasma is shielded. [4] 
Due to the presence of charged particles, and therefore long-ranged 
electromagnetic forces plasmas undergo collective behavior. If something is introduced 
to the plasma system to perturb it, the particles of the plasma respond and rearrange 
themselves to maintain charge neutrality. The plasma as a whole is capable of processes 
that generate electric and magnetic fields to which plasma can reacts in turn. 
The plasma is usually obtained when sufficient energy, higher than the 
ionization energy, is added to atoms of a gas, causing ionization and production of ions 
and electrons. In hot low-pressure plasmas the ionization occurs basicly due to 
collisions of fast electrons with neutral atoms. New free electrons soon impact upon 
other atoms to knock of more electrons, electron multiplication proceeds in a 
geometrical progression – an electron avalanche is created.  
The basic mechanism of particles interaction in hot plasma is elastic scattering 
due to electric fields of charge particles. These interactions lead to trajectory deflection 
and to energy transfer between plasma particles. They are very important because they 
control velocity of all transport mechanisms causing by collision processes. Due to 
long-ranged Coulomb forces between charged particles three collision regions can be 
distinguished: 
a) The region of “large-angle” collisions with strong interaction between 
particles that leads to sharp trajectory deflection or significant energy transfer. 
b) The region of “small-angle” collisions where trajectory deflections or 
energy transfer is small and caused by small independent collisions with many 
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particles. These particles are distant but near enough to be inside of the Debye 
sphere. 
c) The region of collective interactions behind the Debye radius. 
Beside interactions between identical particles important roles play also 
interactions between electrons and ions. Although the mass of electrons is much smaller 
than the mass of ions, they can influence significantly the energy of ions due to their 
great mobility.  
Plasma consists of charged and neutral particles. Positive charged particles mean 
positive ions (in gas plasma) or holes (in semiconductors), negative charged particles 
are electrons and negative ions. Usually, negative ions play only minor roles in plasma 
effects and their influence is negligible. 
The composition of the neutral component is relatively complex: beside atoms 
and molecules in ground states there are many atoms and molecules in excited states. 
The plasma is characterized by the following basic parameters: 
 the plasma density ni (the densities of the electrons and ions, ne and ni;  
in the quasi-neutral state ne = ni); 
 the degree of ionization 
n
ni
 , where n is the total density of the gas; 
 the plasma temperature. 
 
The degree of ionization is usually low. The electron density is about  
10
9
 cm
-3
, and the density of the neutral molecules is ~ 10
14
 cm
-3
 in the gas glow 
discharge (fluorescent lamps). The relative number of atoms in ionized state approaches 
one only inside stars and special devices used for study of issues associated with 
controlled thermonuclear fusion. Power is supplied to these devices, as measured by 
megawatts. [7] 
The electrons and heavy particles (neutrals and ions) in the plasma can be 
considered as two subsystems, each in its own thermal quasi-equilibrium. The heavy 
particles and electrons in the plasma can therefore be characterized by their specific 
temperatures – the gas temperature, Tg, and the electron temperature, Te, where  
Te >> Tg , because electrons gain energy from the electric field much more easier than 
heavy particles, which in addition loses energy by radiation or by heat transfer to the 
walls. These types of plasmas are called non-equilibrium plasmas. With increasing 
pressure, the number of collisions between electrons and heavy particles increases, and 
the temperatures tend to equilibrate. In arcs at atmospheric pressure the two 
temperatures are equal, Te = Tg (Fig. 1). The plasma is in local thermodynamic 
equilibrium (LTE) and is called thermal plasma. Complete thermodynamic equilibrium 
cannot be achieved in the entire plasma because the radiation temperature, Tr, at the 
envelope of the plasma cannot equal the temperature in the bulk which is always 
greater. [3] 
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Fig. 1.   Temperature of plasma as a function of pressure. [3]  
 
The plasma is the most widespread state of the matter in the Universe (about 
99% of the matter is in plasma state). It is often called the fourth state of the matter. As 
shown in Fig. 2, different types of plasmas cover a very large range of electron densities 
(between 1 and 10
20
 cm
-3
) and temperatures (between 10
-2
 and 10
5
 eV). 
 
Fig. 2.   Different types of plasma. [3] 
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2.2. ELECTRIC ARC PLASMA 
Electric discharge in gases occurs when electric current flows through a gaseous 
medium due to ionization of the gas. Depending on several factors, the discharge may 
radiate visible light. According to the duration discharges are divided to transient and 
stationary. 
In cold cathode tubes, the stationary electric discharge can be created. The 
discharge has three regions, with distinct voltage-current characteristics (Fig. 3): 
a) Townsend discharge, below the breakdown voltage. At low voltages, the 
only current is that due to the generation of charge carriers in the gas by cosmic rays 
or other sources of ionizing radiation. As the applied voltage is increased, the free 
electrons carrying the current gain enough energy to cause further ionization, causing 
an electron avalanche. In this regime, the current increases by several orders of 
magnitude to microampere range, for very little further increase in voltage. Near the   
breakdown voltage the Townsend discharge becomes self-sustained, and the glow 
becomes visible. 
b) Glow discharge, which occurs once the breakdown voltage is reached. 
The voltage across the electrodes suddenly drops and the current increases to 
milliampere range. At lower currents, the voltage across the tube is almost current-
independent; this is used in glow discharge voltage stabilizers. At higher currents, the 
normal glow turns into abnormal glow, the voltage across the tube gradually 
increases. 
c) Arc discharge, which occurs in the ampere range of current; the voltage 
across the tube drops with increasing current. 
 
Fig. 3.   Voltage – current characteristic of stationary discharge in neon at 1 torr, 
with two planar electrodes separated by 50 cm. [8] 
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A: random pulses by cosmic radiation, B: saturation current, C: avalanche 
Townsend discharge, D: self-sustained Townsend discharge, E: unstable region: corona 
discharge, F: sub-normal glow discharge, G: normal glow discharge, H: abnormal glow 
discharge, I: unstable region: glow-arc transition, J: electric arc, K: electric arc. 
The A-D region is called a dark discharge; there is some ionization, but the 
current is below 10 microamperes and there is no significant amount of radiation 
produced. 
The F-H region is a region of glow discharge; the plasma emits a faint glow that 
occupies almost all the volume of the tube; most of the light is emitted by excited 
neutral atoms. 
The I-K region is a region of arc discharge; the plasma is concentrated in a 
narrow channel along the center of the tube; a great amount of radiation is produced. [8] 
 
Properties of electric discharges are determined by following parameters: 
electrode voltage, discharge current, chemical composition of the discharge plasma, 
discharge pressure, the way of plasma cooling, elementary processes in the discharge 
path, the electrode shape and material. These parameters are interdependent.   
Electric arc is a self-maintained discharge in the gas at atmospheric or higher 
pressure. Its mean features are the high current density ( 100 A/cm2), small voltage 
drop at electrodes (U < 10 V), high temperature of arc plasma (between 10 000 K and 
35 000 K), and intensive radiation. Due to high pressure and high temperature the 
plasma in electric arc is in local thermodynamic equilibrium. [8] 
Arcs can be classified according to the form of the discharge path. The free 
burning arcs have random shapes; the discharge plasma consists of the gas where the 
arc burns, with admixtures of electrodes metal vapors. A stabilized arc has an axial 
symmetric shape; the discharge plasma consists of gas or vapors of the stabilized 
medium. The discharge plasma influences the properties of the arc with its electrical 
and heat conductivity, absorption properties, and ionization voltage. 
 
 
 
2.3. MATHEMATICAL MODELING OF ELECTRIC ARC 
In general, the arc as any of plasma columns is determined by the system of 
seven differential equations: [8] 
1. gradient arc equation: 
VE grad0 

,    (2) 
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2. Poisson’s equation of scalar field: 
 ei nn
e
E 
0
0div


,    (3) 
3. balance equation of charge carriers: 












t
n
t
n
ejj eiei )(div

,   (4) 
4. equation of electron current density: 
  peeeeeeee venBEbenneDEbenj

 0
2
0 2grad ,  (5) 
5. equation of ion current density: 
  piiiiiiii venBEbenneDEbenj

 0
2
0 2grad ,  (6) 
where 0Eben ee

 or 0Eben ii

 denote the Ohmic current; 
ee neD grad  or ii neDgrad  denote the diffusion current; 
 BEben ee

0
22  or  BEben ii

0
22  denote Lorenz current; 
peven

 or piven

 denote the convection current, 
6. power balance equation: 
   
t
T
cj
et
n
eUTvcTTjjE pe
e
ippradei











 

div
1
grad)(graddiv0 ,   (7) 
where  ei jjE

0  is electrical power; 
 Tgraddiv   denotes losses by thermal conduction; 
)(Trad  denotes losses by radiation; 
Tvc pp grad

  denotes losses of flow (convection); 









e
e
i j
et
n
eU

div
1
 is change of the number of electrons; 
t
T
cp


   is change of temperature, 
7. Saha's equation for the degree of ionization (thermal): 







Tk
eU
pTKnn
B
i
sei exp 
5.0
.   (8) 
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Seven variables can be defined from these equations, i.e. potential V, electric 
field 0E

, electron density 
en  and ion density in , electron current density ej

 and ion 
current density ij

, temperature T as a function of position and time if known quantity of 
the gas pressure p, plasma flow velocity in a specified location pv

, initial resp. 
boundary conditions and number of coefficients such as electron mobility 
eb  and ion 
mobility 
ib , diffusion coefficient eD  resp. iD , radiation coefficient rad  (resp. RW

div ), 
density ρ, specific heat at constant pressure pc , ionization energy ieU , aggregate of 
constant values Saha's equation 
sK , heat conductivity . Some of these variables 
depend on temperature. [8]. 
There are symbols in the previous equations: 
e - electron charge; 
0 - permittivity constant; Bk  - Boltzmann constant; t – time.  
 
 
 
2.4. ENERGY BALANCE OF ARC PLASMA 
Electric discharge plasmas transmit relatively great deal of power.  
The ratios while transmission are described by the energy balance of the plasma. 
In the theory of the energy balance of the plasma only the element of the plasma volume 
is taken into consideration and heat convection is neglected. Electrical energy 2E  
delivered to the considered element equals the removing energy - Tgraddiv  and the 
losses of energy by radiation RW

div . [8] 
The energy balance of the arc plasma in stationary state can be described by 
Ehlenbaas – Heller equation 
  RE WTE

div)graddiv(2   ,   (9) 
where 2EE  is the input electric power ( E  denotes the electric conductivity, E is the 
electric field); 
gradT denotes the energy flux due to heat conduction ( is the heat conductivity, T is 
the plasma temperature); 
RW

 is the radiation flux. 
The equation of energy balance is one of the system of CFD equations 
(computational fluid dynamics) which are used in mathematical plasma models. 
Therefore, for modeling of arc plasma including radiation it is necessary to determine 
the radiation flux and its divergence. 
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3. RADIATION TRANSPORT 
The main quantity describing the radiation is the radiation intensity I. The 
radiation energy that passes through a cross section dS within the solid angle element 
d in the direction  with respect to the surface normal n

, during a time interval dt at 
frequencies between   and +d, contains an amount of energy given by  
tSrIrE d  d  cos  d  d  ),,(),,(d  


.  (10) 
 
 
Fig. 4.   Spectral radiation intensity of the radiation field. [9] 
 
The quantity ),(),,( 

rIrI   , which refers to unit surface, unit time, and 
unit frequency, is called the spectral radiation intensity. 
The total intensity is obtained by integrating over all frequencies: 



0
d),(),( 

rIrI .   (11) 
Here, r

 is a position vector fixing the location of a point in space. [9] 
Spectral density of radiation energy is given by 
  d),,(
1
),(
4
 

rI
c
rU ,   (12) 
where c is velocity of light. 
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The spectral radiation flux is the radiation energy in frequency interval d 
passing per unit time and unit area normal to the rays 
 

 
4
d),,(),(

rIrWR .  (13) 
Here, 

 is a unit direction vector. [9] 
Like to (11), we can define the total density of radiation and total radiation flux 
by integration over frequency: 
 d),()(
0


 rUrU

,   (14) 
 d),()(
0
rWrW RR



 .   (15) 
In case of thermodynamic equilibrium, the radiation intensity is independent on 
direction, and is given by the Planck function 













1exp
2
),(
2
3
Tk
h
c
h
TB
B


 ,  (16) 
where h is Planck constant; 
 is radiation frequency; 
c is velocity of light;  
kB is Boltzmann constant; 
T is temperature. 
 
The spectral density of equilibrium radiation is then 
)(
4


 B
c
Ub      (17) 
and the flux of equilibrium radiation equals to zero 
0d)(
4
 


 BWRb .   (18) 
The total density of equilibrium radiation is  



0
44d T
c
UU bb

 ,   (19) 
where  is the Stefan-Boltzmann constant. [9] 
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3.1. EQUATION OF RADIATION TRANSFER 
A light beam traveling through a participating gas layer of thickness ds loses 
energy by absorption and by scattering away from the direction of travel. The 
attenuation of radiation is proportional to the magnitude of the incident energy 
(intensity I) and to the length of the path 
sII dd   .    (20) 
The proportionality constant  is known as extinction coefficient 
sa   ,    (21) 
where a, s are absorption and scattering coefficients, resp. The negative sign has been 
introduced since the intensity decreases. Integration of equation (20) over a geometric 
path s results in Bourguer-Lambert law 
)exp(dexp 0
0
0   







  IsII
s
,  (22) 
where Iν0 is the radiation intensity entering the gaseous layer and τν represents the 
optical depth of the layer. [9] 
Because scattering of photons by molecules and atoms is always negligible for 
heat transfer applications we put 
a  .    (23) 
At the same time the light beam gains energy by emission, the emitted intensity 
is proportional to the path length 
  sI
em
dd   ,    (24) 
where  is the emission coefficient.  
The volumetric spectral emission coefficient is the radiant energy dE emitted by 
a volume element dV in a frequency interval between  and  + d into a solid angle d 
per unit time dt: [9] 
tV
E
dddd
d



      (25) 
For a parallel beam of radiation intensity I, the increase in intensity across an 
element of thickness ds is given by the difference between emission and absorption due 
to the element: 
sIsI ddd    .   (26) 
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With the boundary condition 0)0( I  this differential equation has the solution 
sttssI
s s
dd)(exp)()(
0 0
  






   .  (27) 
If   and   are constant throughout a gas at uniform temperature, equation 
(27) reduces to 
)]exp(1[)( ssI 


 


 .   (28) 
The ratio   /S  is called the source function, and under complete 
equilibrium it can be shown to be equal to the Planck function ),( TB  . [9] 
There are two limiting forms for the expression for )(sI . The first is the 
optically thin approximation in which 1s . This leads, after expanding the 
exponential as a series, to 
sssI
s
d)()(
0
   .   (29) 
The second occurs when s  is large compared with 1. In local thermodynamic 
equilibrium holds for emission and absorption coefficients 




 ),( TB ,    (30) 
where ),( TB   is Planck’s spectral radiation intensity. This situation corresponds to the 
behavior of an optically thick plasma. [9] 
The complete stationary equation of radiation transfer for an absorbing and 
emitting medium is 
))(( grad   IBI 

.   (31) 
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4. ABSORPTION PROPERTIES OF PLASMA 
Radiation in arc plasma depends, besides others physical quantities, on 
concentrations of all chemical species occurring in the plasma. Equilibrium 
compositions of different types of plasma can be computed using Tmdgas computer 
code which is part of the database system TheCoufal, available at 
http://www.feec.vutbr.cz/~coufal [10], [11]. Input data for the composition calculation 
are specific enthalpy and standard thermodynamic functions of all accounted species. 
When a photon interacts with a gas molecule, atom, or ion, it may be absorbed 
raising the particle’s energy level. Conversely, a gas particle may spontaneously lower 
its energy level by the emission of an appropriate photon. There are three different types 
of radiative transitions that lead to a change of gas particle energy level by emission or 
absorption of a photon: 
 transition between non-dissociated („bound“) atomic or molecular states, called 
bound-bound transitions (bb); 
 transitions from a „bound“ state to a „free“ (dissociated) one (absorption) or from 
„free“ to „bound“ (emission), called bound-free transitions (bf); 
 transitions between two different „free“ states, called free-free transitions (ff). 
 
 
Fig. 5.   Excited levels of an atom or an ion: 
ln
ziE
,
,  - energy of an excited state; 
1, ziE  - ionization energy of the atom of species i with electrical charge ze. [9] 
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The total absorption coefficient is given as linear sum of all three processes 
mentioned above [9] 
  bbbfffpT  ,, .   (32) 
In case of radiation plasma the electrons that emit discrete lines are considered to 
be bound ones and free electrons are that which emit continuous spectrum. If the 
electron is located in one of the upper excited levels, then there is a certain probability 
of its "fall-off" to any of the lower levels with the emission of a photon of discrete 
spectrum and a certain probability of being subjected to ionization, as a result of which 
it would be free and able to emit a quantum of continuous spectrum. 
Calculation of absorption coefficient represents a formidable task when 
experimental data are lacking, since the radial wave functions of all free and bound 
electronic states must be known. However, simplifications can be made by using 
various semi-empirical methods.  
At our Faculty, a computer code was developed for calculation of absorption 
coefficients in thermal plasmas, and a database of input parameters for many types of 
plasma was created. An example of absorption coefficient of air at the pressure of  
0,1 MPa (1atm) and temperature 20 000 K is shown in Fig. 6. This spectrum is a 
complex of discrete and continuous spectra. 
 
Fig. 6.   Absorption coefficient of air thermal plasma as a function of frequency 
(calculated using computer code [12]). 
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5. APPROXIMATE METHOD OF SPHERICAL 
HARMONIC FUNCTIONS 
5.1. GENERAL PN-APPROXIMATION 
The equation of transfer is obviously very complicated; the spectral intensity, 
which is the dependent variable in this equation, depends in general upon independent 
variables ),,( 

r . One must approximate the equation of transfer, either analytically or 
numerically, in order to obtain a solution. Due to the non-linearity of equations 
describing the radiation field and strong dependence of input parameters on the 
radiation frequency, various approximate methods are used. One of them is the method 
of spherical harmonics – PN-approximation. 
This method enables to obtain an approximate solution of arbitrary high 
accuracy by transforming the equation of transfer into a set of simultaneous partial 
differential equations. The approach was first proposed by Jeans [13] for radiation 
transfer in stars, many works was done by Davison [14] for transfer in the closely 
related neutron transport theory.  
The spectral radiation intensity can be expressed in terms of Fourier series as 
     

 

0
,
l
l
lm
m
l
m
l YrIrI

 ,   (33) 
where the  rI ml

 are position dependent coefficients and the  

m
lY  are spherical 
harmonics, given by 
      
 
  cosexp
!
!
1
21
2/ m
l
immmm
l P
ml
ml
Y 










.  (34) 
Here,  and  are the polar and azimuthal angles describing the direction unit vector 

, 
respectively, and the mlP  are associated Legendre polynomials.  
We substitute the expression of intensity (33) into the equation of radiation 
transfer (31), equation is then multiplied by nkY  and integrated over all directions. Using 
the orthogonality properties of spherical harmonics, infinite system of coupled partial 
differential equations in the unknown position dependent functions  rI ml

 is obtained. 
For infinite number of equations the above representation is an exact method for the 
determination of radiation intensity. An approximation is made by truncating the series 
in (33) after N terms. In this way, the single unknown function I, which is a function of 
space and direction, is replaced by (N + 1)
2
 unknown mlI  that are functions of space 
only. 
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The complexity of the system of equations for  rI ml

 depends on the geometry 
of the plasma system considered. The simplest system is the one-dimensional plane-
parallel medium. In this case, the intensity I does not depend on azimuthal angle , i.e. 
0mlI  for m ≠ 0. The equation (33) can be written in the form 
     


N
l
ll PzIzI
0
,,,  ,   (35) 
where µ = cos  .  
Due to the orthogonality of Legendre polynomials: 
   











lm
m
lm
m
PP lmml for
12
2
for0
12
2
d
1
1

 .  (36) 
The expansion coefficients lI  are given by 
       d,,
2
12
,
1
1



 zIP
l
zI ll .   (37) 
In one-dimensional plane-parallel system the equation of transfer can be 
simplified to 
       BzI
z
zI



,,
,,
.   (38) 
Substituting the expansion (35) into (38): 
 
         BPzIP
z
zIN
l
lll
l 









0
,
,
.  (39) 
Using recursion relation 
          11 112   lll PllPPl   (40) 
equation (39) can be rewritten as 
                BPzIPllP
lz
zIN
l
llll
l 











0
11 ,1
12
1,
. (41) 
Multiplying by )(kP , k = 0, 1, 2, …, N and integrating over all µ leads to the 
system of N + 1 direction independent first-order differential equations for the unknown 
functions ),(0 zI , ),(1 zI , ….., ),( zIN  
       BzI
z
zI



,
,
3
1
0
1    (42) 
      NkzI
z
zI
k
k
z
zI
k
k
k
kk .....,,2,10,
,
12
,
32
1 11 







  

  (43) 
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The energy density and radiation flux are given by 
   


0
0 d,
1
zI
c
zU ,   (44) 
    .d,
0
1 

 zIzW    (45) 
The great advantage of the method of spherical harmonics is the conversion of 
the equation of transfer to relatively simple partial differential equations. However, the 
low-order approximations are usually only accurate in optically thick media and for 
higher-order approximations mathematical complexity increases rapidly. It is known 
from neutron transport theory that approximations of odd orders are more accurate than 
even ones. Due to its simplicity, mainly the lowest order PN solution corresponding to  
N = 1 (P1-approximation) is usually used (so called diffusion approximation). The 
diffusion approximation describes in good accuracy the radiation field in many 
problems of radiation hydrodynamics. 
 
 
5.2.  P1-APPROXIMATION (DIFFUSION APPROXIMATION) 
In P1-approximation we suppose that the angular dependence of the specific 
intensity can be represented by the first two terms in a spherical harmonic expansion 


),(3),(),,( 21  rrrI ,   (46) 
where 1  and 2

 correspond to the density of the radiation field multiplied by velocity 
of light c, and to the radiation flux. [15] 
The spectral density of the radiation field is  
  ),(4d),(3),(1d),,(1),( 1
4
0
21
4
0




 r
c
rr
c
rI
c
rU

   (47) 
since   0d),(3
1
4
0
2 



r
c
. 
Similarly, for radiation flux 
  ),(4d),(3),(d),,(),( 2
4
0
21
4
0


 rrrrIrW

  . (48) 
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Therefore, we may rewrite equation (46) in terms of radiation field density and 
radiation flux 


),(
4
3
),(
4
),,( 



  rWrU
с
rI .  (49) 
Integrating the equation of radiation transfer (31) over all solid angles we obtain 
),(),(),( div   rcUrcUrW b

 ,  (50) 
where ),(  rUb

is the spectral density of equilibrium radiation (17). 
Similarly, integrating the equation of transfer (31) multiplied by 

 we obtain 
    0,,grad
3
1
   rWrUc

.   (51) 
Combining (51) and (50) we obtain the diffusion equation 
          BrcUrUrD 4,,grad,div 

,  (52) 
where  ,rDD

  is the diffusion coefficient defined as 
3
c
D  .    (53) 
The diffusion approximation is valid under assumption that the spectral radiation 
intensity is almost isotropic. 
 
 
 
5.3. P3-APPROXIMATION 
Although the P1-approximation is very accurate if the optical dimension (the 
product of absorption coefficient and characteristic length of the system) of the medium 
is large, it yields inaccurate results for optically thin systems, especially near the 
boundaries. Also, if the radiation is anisotropic (large temperature and particle 
concentration gradients), the P1-approximation becomes less reliable.  
The P3-approximation, however, can yield accurate results for an optical dimensions as 
small as 0.5 and for anisotropic radiation fields, but at expense of additional 
computational effort. For general three-dimensional geometries, the higher-order 
approximations become extremely cumbersome. Therefore, only few multidimensional 
problems have been solved by the P3-approximation [16], [17], [18], [19], and almost 
none by higher orders.  
Let us start with a simple example of P3-approximation for a one-dimensional 
plane-parallel slab [20]. In this case the intensity I is given by (38) with N = 3, and 
expansion coefficients Ik, k = 0, 1, 2, 3 can be found solving equations (42) and (43). 
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Omitting for clear arrangement the dependence on frequency, these equations reduce in 
P3-approximation to 
 
  BzI
z
zI
 


0
1
3
1
 
   
  0
5
2
1
02 


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

zI
z
zI
z
zI
    (54) 
   
  0
3
2
7
3
2
13 
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
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
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z
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  
 
  0
5
3
3
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

zI
z
zI
 . 
We derive the second and fourth equations from (54): 
0
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2 1
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2
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
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
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I
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    (55) 
0
5
3 3
2
2
2
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



z
I
z
I
  
and substitute into the first and third equations (54): 
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   (56) 
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. 
From the first equation (56) we have 

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z
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

.   (57) 
We substitute it into the second equation (56) and obtain after some rearrangement 
B
z
I
II
14
55
14
9
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55
2
0
2
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

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

.   (58) 
Derivation of equation (58) gives 
4
0
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9
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
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
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.   (59) 
Substituting (59) into the first equation (56) we obtain after some rearrangement 
differential equation of 4
th
 order for I0 
B
z
I
z
I
I 






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0
4
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0
2
20 35
3
7
6

.   (60) 
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From equation (58) and the second and fourth equations (54) follow equations for I2, I1 
and I3 
B
z
I
II
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55
14
9
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2
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

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
   (61) 
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
.   (63) 
First we find the solution of the homogeneous equation (60) 
0
35
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
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
z
I
z
I
I

.   (64) 
We suppose the solution in the form 
 zAI exp0  .    (65) 
Substituting in (64) we obtain the characteristic equation for roots  
0
3
35
10
4
224 

 .    (66) 
Substituting p2  we obtain a quadratic equation 
0
3
35
10
4
22 

 pp , 
that has two positive roots 
2
2
2
1 3485.1and6515.8   pp  
and we get four real roots of the equation (66) 
 1613.1,9413.2 21  .   (67) 
The solution of homogeneous equation (64) is 
       zAzAzAzAI 242312110 expexpexpexp   . (68) 
Particular solution of the non-homogeneous equation (60) is 
BI P 0 .    (69) 
Finally, we have the general solution of equation (60) in the form 
        BzAzAzAzAI  242312110 expexpexpexp  . (70) 
Using relation 
       
2
expexp
sinhand
2
expexp
cosh
xx
x
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x



  
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we can rewrite solution (70) to 
        BzCzCzCzCI  242312110 sinhcoshsinhcosh  . (71) 
The integration constants Ci must be determined from boundary conditions. 
For simplicity we consider an isothermal medium at temperature T, confined 
between two large, parallel black plates that are isothermal at the same temperature Tw, 
the distance between plates is L. We choose the origin for z at the midpoint between the 
two plates, then due to the symmetry of the problem  
 
0
00 


z
I
    (72) 
i.e.  
 
00
0
422412
0 


CCCC
z
I
  
and       BzCzCI  23110 coshcosh  .  (73) 
To determine C1 and C3, we need two boundary conditions at one of the plates, 
e.g. at z = L/2. The boundary condition means that the intensity leaving the surface must 
be given for all outgoing directions 0

n  ( n

 denotes the outward surface normal). 
Marshak suggested satisfaction of this condition in integral sense [21] which gives in 
P3-approximation 
    






1
0
1212
1
0
2,1,dd,
2
iPIP
L
I iwi  . (74) 
Substituting I in spherical harmonics expansion we obtain two conditions: 
           
1
0
11
1
0
3322110 dd  PIPPIPIPII w  
           
1
0
33
1
0
3322110 dd  PIPPIPIPII w . (75) 
Using           35
2
1
;13
2
1
; 33
2
21  PPP  we get after 
integration 
210
4
1
3
2
IIIIw   
320
7
8
IIIIw  .   (76) 
Substituting I1, I2, and I3 from equations (61) – (63), using I0 from (73), and 
providing all derivations we get 
   
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3
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

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
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 ,  (77) 
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where 

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
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For general geometries, the simplification (      cos,  lml PY

) cannot be 
provided. In general case, the third order harmonic expansion of intensity is used 
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with 
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and values of associated Legendre polynomials mlP  are given in Tab. 1. 
 
Table 1.   Associated Legendre polynomials of third order 
 
l m = 0 m = 1 m = 2 m = 3 
0 1 0 0 0 
1 cos  sin  0 0 
2 2/)1cos3( 2    sincos3  2sin3  0 
3  cos)3cos5)(21( 2    sin)1cos5)(23( 2    2sincos15  3sin15  
 
Besides general solution for coefficients mlI  in the spherical harmonics 
expansion (79) presented e.g. in [17] or [22], often the moment method is used [23]. 
The moments are generated by multiplying the equation of transfer by powers of 
direction cosines, and then integrating over all solid angles. In rectangular coordinate 
system (Fig.7) the direction derivative of intensity in the equation of radiation transfer 
(for clarity the frequency dependence is not expressed) has the form 
321
sinsincossincos grad
x
I
x
I
x
I
I
ds
dI








 

, (80) 
where 321 cossinsin,coscossin,cos lll    are direction 
cosines. 
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Fig. 7.   Coordinate system showing intensity as a function of position and angle 
for PN-approximation. [19] 
 
The radiation transfer equation becomes 
)(
3
1
IB
x
I
l
i i
i 




 .   (81) 
To evaluate the coefficients  rI ml

 in the spherical harmonics expansion (33), 
moment equations are generated by multiplying the intensity  

,rI  by powers of the 
direction cosines li, i = 1, 2, 3, and then integrating over all solid angles.  
For P3-approximation we have 
      d ,
4
0
0
 
rIri  
    3,2,1 , d ,
4
0
  irIlri i
i
 
   (82) 
    3,2,1, , d ,
4
0
  jirIllri ji
ij
 
 
    3,2,1,, , d ,
4
0
  kjirIlllri kji
ijk
 
. 
The first three moments have a physical significance: zero moment divided by 
velocity of light c is the radiative energy density, the first moment is the vector of 
radiative flux, and the second moment divided by c is the tensor of radiative pressure. 
Higher-order moments have no physical meaning. 
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In the next step, the spherical harmonics expansion of intensity 
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   (83) 
is substituted into the moment equations, and the integration is carried out.  
For the P3-approximation, it gives 20 coupled algebraic equations. This set was solved 
in [18], coefficients  rI ml

 were expressed in terms of moments and substituted into the 
harmonic expansion (83). The relation for the intensity in terms of moments gives [23] 
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To continue the solution, the moments of intensity must be calculated. This is 
done by generating moment differential equations – the differential equation of transfer 
is multiplied by powers of directional cosines, and integrated over all solid angles. 
Following differential equations for moments are found 
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Considering the symmetry of the moments this set represents 20 equations for 35 
unknowns. The fourth moments ijkli must be found by substituting (84) into the moment 
equation for fourth moment 
    3,2,1,,,    ,d ,
4
0
  lkjirIllllri lkji
ijkl
 
. 
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and integrating over all solid angles. We obtain (due to the symmetry) 15 equations for 
fourth moments (i, j, k, l = 1, 2, 3) 
   jlikjkilklijikjlijkljkililjkjlikklijijkl iiiiiii  
35
1
7
1
. (86) 
The system (85) and (86) can be solved, the general solution for moments is 
substituted into (84), and boundary conditions are applied to complete the calculation. 
The outgoing intensity Iout on the surface must be prescribed which gives according to 
Marshak [21] 
       
 2
0
1212
2
0
2,1    , dd wall, iYIYI miw
m
iout

. (87) 
Unfortunately, these equations provide more relations that are needed, therefore, 
not all m are used. For the P3-approximation 6 boundary conditions are needed: i = 1 
gives 3 (m = -1, 0, +1), another three must come from i = 2 (usually the smallest  
m-values are chosen: m = -1, 0, +1). 
It can be seen that already the P3-approximation results in very complex system 
of differential equations with complicated boundary conditions. We must also take into 
account that in the above equations the frequency dependence of the problem was 
omitted. Therefore, in real situations of electric arcs, the complexity of the system of 
equations increases very much. This is the main reason why the P1-approximation is 
usually used for solving the radiation transfer problems in complex mathematical 
modeling of electric arcs, even though the P3-approximation gives more accurate results 
for radiation characteristics of the arc plasma. 
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6. MULTIGROUP METHOD 
One of the methods for handling the frequency variable in the equation of 
transfer is the multigroup method [24], which leads to its discretization. One assigns a 
given photon to one of G frequency groups, and all photons within a given group are 
treated the same from the point of view absorption properties of the medium, the 
absorption coefficient for given frequency group k is supposed to be constant with 
certain average value 
    GkTrTr kkk ,....,1,,,,, 1  

.  (89) 
The values of total intensity, total density of radiation, and total radiation flux 
are then given by 
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The equation of transfer for the given frequency group can be treated as equation 
for grey medium: 
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k  is the mean absorption coefficient defined as 
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For P1-approximation the multigroup equations of transfer (50), (51) have the 
form 
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 .   (96) 
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7. MEAN ABSORPTION COEFFICIENTS 
For the multigroup method to be useful, one must be able to compute or estimate 
the mean values of absorption coefficients (94). An exact calculation of these group 
constants involves knowledge of the spectral intensity  

,,rI  which is unknown. The 
underlying assumption in the multigroup method is that the group constants are 
relatively insensitive to the weighting functions  

,,rI  used in computing the 
averages over frequency. The accuracy of the method depends also on the interval 
splitting. As the group width approaches zero the group constant become independent 
upon the estimate made for  

,,rI . 
Absorption coefficients are generally complex and widely varying functions of 
frequency (as can be seen e.g. at Fig. 6 and 8), and the use of different weighting 
functions  

,,rI  can lead to quite different results. Generally, k  is taken as either 
Rosseland or Planck mean. 
 
7.1. ROSSELAND MEAN 
The Rosseland mean, also called mean free path of radiation is appropriate when 
the system approaches equilibrium (almost all radiation is reabsorbed). In this case one 
can assume that the spectral intensity of radiation is almost isotropic, i.e. it can be 
expressed in first two terms of the spherical harmonics expansion (46), or (49) 
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We assume that the space dependence of spectral radiation density U is 
sufficiently weak that the second space derivative of U in the diffusion equation (52) 
can be neglected. Then from (52) we obtain 
),(4),( TBrcU  

,   (98) 
where temperature )(rTT
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 . 
Use of this result in equation (51) leads to 
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Now we use (97) and (98) in the expression for spectral intensity of radiation 
(49): 
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From equation (100) follows 
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Use of this result in equation (94) yields the Rosseland mean absorption 
coefficient 
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7.2. PLANCK MEAN 
The Planck mean is appropriate in the case of optically thin, emission dominated 
system. We consider the equation of radiation transfer for one selected direction s 
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s
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 .   (103) 
Formal solution of this equation (in the special case of no radiation impinging 
upon the surface of the system, which is meant by emission dominated) has the form [9] 
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For optical thickness along each direction holds 
1'd),'(
0

s
ss     (105) 
and therefore 
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Due to this relation 
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Use of this result in equation (94) yields the Planck mean absorption coefficient 
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8. APPLICATIONS 
8.1. AIR PLASMA 
Radiation in arc plasma depends, besides others physical quantities, on 
concentrations of all chemical species occurring in the plasma. In calculation of plasma 
composition the dry air was assumed at the pressure of US standard atmosphere from 
sea level [25] consisting of N2, O2, Ar, and CO2. An equilibrium composition of the air 
plasma was computed using Tmdgas code [10], [11]. Atoms and up to the triple ions of 
N, O, Ar, C elements, respectively, and diatomic molecules O2, N2, N2
+
, NO, NO
+
 were 
assumed. 
Absorption coefficients are related to the photon absorption cross section 
a
i,  by  
a
i
a
ii N  ,,   ,    (109) 
where aiN  is the population density of the i-th electronic state of the absorbing species 
„a“. It is related to the total population density Na of species „a“ 
     pTU
Tk
E
pTNgpTN a
B
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iaa
i
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i ,exp,, 





   (110) 
where aig  is the statistical weight of the i-th electronic energy state 
a
iE , Bk is the 
Boltzmann constant, and U
a
 is the partition function. 
In continuum radiation photo-ionization cross sections for the ground states of 
neutral atoms and ions of N, O, Ar, and C were calculated using analytic fits of 
theoretical cross sections from the “Opacity Project” [26]. The cross sections for lowest 
excited levels of neutral atoms O, N, Ar, and C were calculated using the quantum 
defect method of Burges and Seaton [27]. Higher excited states of neutral atoms, and all 
excited states of ions were treated using Coulomb approximation for hydrogen-like 
species [28]. In discrete spectrum, spectral lines broadening (Stark and Doppler half-
widths, and line shifts, and resonance half-widths) and the complex line shapes were 
considered. More than 500 energy levels and 15 000 spectral lines were taken into 
consideration. Molecular photo-absorption was taken into account for selected 
electronic transitions of diatomic molecules O2, N2, N2
+
, NO, NO
+
. For approximate 
calculation of radiative properties, it is useful to use the spectral absorption coefficient 
for the band system averaged through the rotational spectrum, and also partially 
smeared through the vibration structure [28]. 
Calculated total spectral coefficients of absorption (continuum, lines and 
molecular bands) at various plasma temperatures are shown in Fig. 8. High complexity 
of radiation absorption coefficients (with respect to frequency and temperature) can be 
seen. 
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Fig. 8.   Absorption coefficient of air thermal plasma as a function of frequency 
for two temperature 1000 K and 10 000 K (calculated using computer code [12]). 
 
According to the absorption coefficients variation the frequency interval was 
divided into 11 parts given in Tab. 2. 
 
Table 2.   Limits of specific frequency intervals 
 
interval 1 2 3 4 5 6 7 8 9 10 11 
 
(10
15
s
-1
) 
0.01-
0.057 
0.057-
0.296 
0.296-
0.386 
0.386-
0.746 
0.746-
0.986 
0.986-
1.71 
1.71-
2.098 
2.098-
2.64 
2.64-
2.997 
2.997-
4.49 
4.49- 
10 
 
Two types of average absorption coefficients have been calculated for 
temperatures T  (1 000, 35 000) K at the air plasma pressure p=105 Pa in frequency 
intervals given in Tab. 2 – the Planck mean (108) and the Rosseland mean (102). 
There are examples of these mean absorption coefficients of air plasma for 
frequency intervals (0.386-0.746)1015s-1 and (1.71-2.098)1015s-1 in Fig. 9. 
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            a)             b) 
Fig. 9.   Planck and Rosseland mean absorption coefficients of air thermal 
plasma in the two corresponding frequency intervals (a) 4 and b) 7 from Tab.2). 
 
The use of Rosseland and Planck mean absorption coefficients is only strictly 
appropriate in limiting circumstances. In the multigroup method, the splitting of the 
whole frequency interval has to be made according to absorption coefficients frequency 
dependence. For frequency groups with low values of absorption coefficients, the use of 
Planck mean is appropriate; for groups with high values of absorption coefficients, the 
Rosseland mean is more suitable. In our case, for groups 1-9 the Planck mean gives 
better results, in the groups 10, 11 the Rosseland mean is more appropriate. 
 
For P1-approximation the multigroup equations of transfer have the form 
(95) and (96) 
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From the equation (96): 
)(grad
3
1
)( rUcrW n
n
n



.   (111) 
To obtain the elliptical partial differential equation one inserts the previous 
expression into the equation (95): 
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Let's rewrite 
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In case of cylindrically symmetrical plasma equation (112) depends only on one 
variable – radial range r 
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The radiation flux is expressed 
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Let’s express div(grad u) in cylindrical coordinate system 
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8.1.1. ISOTHERMAL PLASMA CYLINDER 
Due to the fact that functions 
n  and nB  are dependent on the arc temperature 
and it decreases from the axis to the edge they are usually regarded as radial range 
functions. If we assume (to simplify the task) that plasma is isothermal, i.e. the arc 
temperature remains constant, functions 
n  and nB  also remain constant for the current 
solution of the equation (113), resp. (115). 
 
Let’s modify the equation (115) to the Bessel equation 
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.  (116) 
Let’s solve the equation as Bessel inhomogeneous modified one and taking into 
account that the left part equals 0 
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The solution of the homogeneous equation (117) is 
   rKCrJCru nnn  33)( 0201  .  (118) 
)(0 xJ , )(0 xK  are modified Bessel functions of the first and the second kind, 
respectively. 
The solution of the inhomogeneous equation consists of the solution of the 
homogeneous equation and pu , where pu  is the arbitrary particular solution of the 
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inhomogeneous equation. According to the right side of the equation (116) let’s find out 
the solution in the form 
           CrBrAup 
2
.   (119) 
After one inserts the previous expression into the equation (119) it’s obtained 
np Bu 4 .   (120) 
The resulting solution of the equation (116) is 
      nnnn BrKCrJCru  433 0201  .  (121) 
Constants 1C  and 2C  are defined according to the boundary conditions. 
Due to the symmetry of the problem the radiation flux )0(nW  equals zero if r=0 
and    0
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0
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r
ru
   (122) 
i.e. 02 C . 
We use the most simple and mostly used boundary condition [15] 
0for ,0),,( 

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 ,   (123) 
which means that no external radiation enters the plasma. So flux parts along the 
internal normal to field boundary is expressed as 
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The solution that satisfies the boundary conditions is 
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Required flux divergence is 
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  (127) 
To calculate the mean divergence of the whole cross section one is supposed to 
sum up the parts of the cyclic cross sections of the plasmatic cylinder on the whole 
surface and to divide into the same one 
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Summing over all frequency groups gives the net emission 
  
n
NnavgavgR
wwW 4div

,   (129) 
where N  is the net emission coefficient. The isothermal net emission coefficient 
corresponds to the fraction of the total power per unit volume and unit solid angle 
irradiated into a volume surrounding the axis of the arc plasma and escaping from the 
arc column after crossing a thickness R of the isothermal plasma. It is often used to a 
prediction of energy balance. The net emission coefficient for the isothermal plasma 
cylinder with radius R is given by [1] 
      dRBN  

exp
0
   (130) 
and can be calculated with direct integration over the real spectrum. 
Equations (128), (129) has been solved for isothermal air plasma cylinder at the 
pressure of 10
5
 Pa, in temperature range (10 000 – 30 000) K, and for various plasma 
radius (0.01; 0.1; 1; 10) cm. The frequency interval 115s10)601.0(   has been divided 
into 11 frequency groups which are given in Table 2. Comparison of the net emission 
(129) calculated using different mean values of absorption coefficient is presented in 
Fig. 10 for four different radii of the plasma cylinder. 
 
Fig. 10.   Net emission of air isothermal plasma cylinder as a function of 
temperature for various thicknesses of the plasma and various mean values of 
absorption coefficients. 
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It can be seen that Rosseland averaging leads to lower values of the net emission 
which follows from the fact that Rosseland means underestimate the influence from the 
absorption peaks in the real absorption spectrum. 
In Fig. 11 comparison is made of our calculations of net emission coefficient in 
air arc plasma of two radii with the results of Aubrecht [29] and Gleizes [30]. Planck 
averaging gives the results which are in satisfactory agreement with calculations of the 
other authors. Discrepancies between our results and those of Aubrecht and Gleizes can 
be explained by different approximate methods of calculation. Both Aubrecht and 
Gleizes use the method of the net emission coefficient with the integration over the real 
absorption spectrum. 
 
 
Fig. 11.   Comparison of net emission coefficient of air with results of Aubrecht 
[29] and Gleizes [30]. 
 
 
8.1.2. PLASMA WITH GIVEN TEMPERATURE PROFILE 
1D axisymmetric plasma column of radius R defined by the temperature radial 
profile T(r) and the constant pressure p was considered. The medium is assumed to be at 
local thermodynamic equilibrium and the temperature profile completely defines the 
local composition and enables radiative transfer calculations. The plasma column is 
assumed to be surrounded by a cold black medium, which means that radiative intensity 
incoming into the plasma is negligible and all the outcoming radiation at the interface  
r = R is absorbed by the surrounding medium.  
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The prescribed temperature profile is given by [45] 
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where T0 is the temperature at the arc axes, Tw is the temperature at the plasma edge,  
R is the radius of the plasma cylinder, and r is the radial distance from the arc axes. This 
type of temperature profile simulated the plasma of free burning arc. 
 
Fig. 12.    Model temperature profile. 
 
The parameters 
n  and nB  in (113) are regarded as radial range functions, and 
the system of equations (113) and (114) must be solved numerically. The number of 
equations depends on the number of splitting groups. The boundary conditions are given 
by (123), (124). A commercial Finite_Element Partial Differential Equations solver, 
FlexPDE [31] was used. FlexPDE is a general, script driven solution system for Partial 
differential equations, including equation interpretation, mesh generation, numerical 
solution and graphical and tabular output of the results. The script of the PDE system is 
given in Appendix 2. The equation (113) with boundary conditions (123), (124) was 
solved for plasma cylinder of radius R = 0.3 cm with temperature profile (131) and for 
various mean absorption coefficients. Calculated net emission and radiation flux are 
shown in Figs. 13 and 14, resp., and compared with results obtained by the method of 
partial characteristics (MPC) [12]. For the net emission, good agreement with MPC has 
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been obtained at the arc axis for Planck averaging. The P1-approximation overestimates 
the absorption of the emitted energy at the arc edge (the negative part of the net 
emission). The Rosseland approach underestimates the emission seriously. The 
difference comes mainly from the way they handle the peaks in the spectrum. 
 
Fig. 13.   Net emission in P1-approximation for various spectral averaging; 
comparison with results of the method of partial characteristics. [12] 
 
 
Fig. 14.   Radiation flux in P1-approximation for various spectral averaging; 
comparison with results of the method of partial characteristics. [12] 
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8.2. SF6 PLASMA 
SF6 (sulphur hexafluoride) is considered as one of the best quenching media in 
mid and high voltage circuit breakers. Equilibrium compositions of thermal plasma SF6 
was computed using Tmdgas computer code ([10], [11]). Absorption coefficients of SF6 
plasma at the pressure of 0.5 MPa and for temperatures of 5 000 K and 20 000 K are 
shown in Fig. 15. In calculation of absorption spectrum S, F neutral atoms, and S
+
, S
+2
, 
S
+3
, F
+
, F
+2
 ions were taken into account. Contribution of SF6 molecules was included 
using their experimentally measured absorption cross sections. [32] 
 
 
Fig. 15.   Absorption coefficient of SF6 thermal plasma as a function of 
frequency for two temperatures. 
 
The absorption coefficients were calculated for the frequency range  
(0.01-10)1015 s-1. This range was divided to specific intervals. There is division of 
frequency range in Tab.2. 
Then Planck and Rosseland mean absorption coefficients of SF6 plasma have 
been calculated for 11 specific frequency intervals for pressure from 0.5 MPa to 5 MPa. 
Comparison of two different mean values for two selected frequency intervals  
(0.386-0.746)1015 s-1 and (1.71-2.098)1015 s-1 of SF6 plasma at a pressure of  
0.5 MPa is given in the Fig. 16. 
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             a)             b) 
Fig. 16.   Planck and Rosseland mean absorption coefficients of SF6 plasma in 
the two corresponding frequency intervals (a) 4 and b) 7 from Tab.2).  
 
 
8.2.1. ISOTHERMAL PLASMA CYLINDER 
Afterwards, using different mean values of absorption coefficient, net emission 
coefficients (128), (129) were calculated. In the Fig. 17, a comparison is given of the net 
emission coefficient calculated using various averaging methods with results of 
Aubrecht [29]. As can be expected from the definition of Planck and Rosseland means, 
for low values of plasma radius (R = 0.01 cm) the Planck mean gives good agreement 
with other data of net emission coefficients, with increasing plasma thickness the 
emission overestimation in the Planck approach becomes evident. 
    
Fig. 17.   Net emission coefficients of SF6 plasma with radius of 0.01 cm and 
1 cm as a function of temperature for various absorption means. Comparison with 
results of Aubrecht [29]. 
 
Comparison of the net emission coefficients for five different radii of the plasma 
cylinder at a pressure of 1 MPa is presented in the Fig. 18. Calculations were performed 
using Planck mean absorption coefficients. The zero radius corresponds to omitting of 
self-absorption. Besides the temperature variation the plasma thickness has great 
influence on the radiation emission. 
Radiation transfer of energy in arc plasma 
 
 62 
 
Fig. 18.   Coefficient net emission of SF6 plasma for various radii, Planck mean. 
 
The influence of plasma pressure on the values of the net emission coefficients 
calculated using Planck averaging method is shown in the Fig. 19. Net emission 
coefficients are presented for plasma radius 0.3 cm as a function of the plasma 
temperature for the pressure up to 5 MPa. Again the Planck mean absorption 
coefficients were used. The pressure increasing leads to higher values of the net 
emission coefficients at all temperatures. The net emission coefficients are proportional 
to population densities of energy levels in atoms and ions which increase with pressure.  
 
Fig. 19.   Coefficient net emission of SF6 plasma for various pressures, Planck 
mean. 
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8.2.2. PLASMA WITH GIVEN TEMPERATURE PROFILE 
Similarly to the air plasma, a 1D axisymmetric plasma column of radius R 
defined by the temperature radial profile T(r) and the constant pressure p was 
considered. The prescribed temperature profile is assumed to be parabolic and is given 
by [45] 
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where T0 is the temperature at the arc axes, Tw is the temperature at the plasma edge,  
R is the radius of the plasma cylinder, and r is the radial distance from the arc axes.  
The temperature profile is shown in the Fig. 20. 
 
Fig. 20.   Model temperature profile. 
 
P1-approximation was used for calculation of radiation characteristics using 
Planck mean, Rosseland mean, and also their combination (Planck mean for groups  
1 – 9 from Tab. 2, Rosseland mean for groups 10 and 11). The equation (113) with 
boundary conditions (123), (124) was solved using FlexPDE solver [31].  
The Figs. 21 and 22 show results of the net emission and the radiation flux at the 
pressure of 0.5 MPa and for the plasma radius of 0.25 cm; various mean absorption 
coefficients were used. Rosseland averaging gives very low values of emission of 
radiation in hot parts of the plasma, and also neglects the absorption of radiation in cold 
edge of the plasma cylinder (the negative values of the net emission). 
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Fig. 21.   Net emission in P1-approximation for various spectral averaging. 
 
 
 
Fig. 22.   Radiation flux in P1-approximation for various spectral averaging. 
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8.3. MIXTURES OF SF6  AND PTFE PLASMAS 
Opening of a power electric circuit is accompanied by the formation of an 
electric arc (switching arc) between separated contacts. For all kind of high power 
circuit breakers, the basic mechanism is the extinguishing of the switching arc at the 
natural zero by gas convection. Widely used are SF6 self-blast circuit breakers. The 
switching arc burns inside a narrow nozzle of synthetic material (PTFE – 
polytetrafluoroethylene – C2F4). Due to the high emission of radiation, the synthetic 
material ablates and causes a high overpressure inside the nozzle and drives the gas 
flow in the circuit breaker. The radiation transfer itself is the dominant energy exchange 
mechanism during the high current period of the switching operation. 
Intensive radiation is irradiated from the hot central part of the arc and 
reabsorbed in cold edge of the plasma. At high temperatures, molecules are dissociated 
and ionized and plasma properties are determined by the composition and properties of 
products of dissociation and ionization. The following species were assumed: S, F,  
and C neutral atoms, S
+
, S
+2
, S
+3
, F
+
, F
+2
, C
+
, C
+2
, and C
+3
 ions, and SF6 molecules. 
Equilibrium compositions were computed using Tmdgas computer code ([10], [11]). 
Absorption coefficients for various mixtures of SF6 and PTFE plasmas for 
different temperature and pressure have been calculated. The comparison of absorption 
coefficients as a function of radiation frequency for plasmas of 100 % SF6 and  
100 % PTFE for temperature 20 000 K at pressure 0.5 MPa is given in Fig. 23. 
 
Fig. 23.   Absorption coefficients of 100 % SF6 and 100 % PTFE plasmas. 
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Evaluated total spectral absorption coefficients of various mixtures of SF6 and 
PTFE thermal plasmas for two temperatures 5000 K and 25000 K at the pressure  
0.5 MPa are shown in Fig. 24. 
 
    
        a) Mixtures of 0.0 SF6 + 1.0 PTFE      b) Mixtures of 0.4 SF6 + 0.6 PTFE 
 
    
         c) Mixtures of 0.8 SF6 + 0.2 PTFE      d) Mixtures of 1.0 SF6 + 0.0 PTFE 
Fig. 24.   Absorption coefficients for various mixtures of SF6 + PTFE plasmas as 
a function of frequency. 
 
Rosseland and Planck mean absorption coefficients (102), (108) resp. have been 
calculated for various mixtures of SF6 + PTFE plasmas at the plasma temperatures of  
(1 000 – 35 000) K. The frequency interval (1013 – 1016) s-1 has been split into eleven 
frequency groups (Tab.2). Curves of absorption means for various mixtures of SF6 and 
PTFE plasmas in frequency interval 15102.098)-(1.71   s
-1
 for pressure 0.5 MPa are 
shown in Fig. 25. 
 
    
        a) Mixtures of 0.0 SF6 + 1.0 PTFE      b) Mixtures of 0.2 SF6 + 0.8 PTFE 
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        c) Mixtures of 0.25 SF6 + 0.75 PTFE      d) Mixtures of 0.4 SF6 + 0.6 PTFE 
 
    
        e) Mixtures of 0.5 SF6 + 0.5 PTFE      f) Mixtures of 0.6 SF6 + 0.4 PTFE 
 
    
        g) Mixtures of 0.75 SF6 + 0.25 PTFE      h) Mixtures of 0.8 SF6 + 0.2 PTFE 
 
 
        i) Mixtures of 1.0 SF6 + 0.0 PTFE 
 
Fig. 25.   Mean absorption coefficients for various mixtures of SF6 and PTFE 
plasmas as a function of temperature. 
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By analyzing obtained results a following conclusion was made. Discrete 
radiation influences significantly values of Planck means; on the other hand, Rosseland 
mean ignores the role of lines. 
Calculation of Planck and Rosseland mean absorption coefficients of various 
mixtures of SF6 and PTFE plasmas was carried out for different pressure values from 
0.5 MPa to 5 MPa. 
The influence of admixture of PTFE on the values of mean absorption 
coefficients of SF6 plasma for pressure 0.5 MPa in frequency interval 
15102.098)-(1.71   s
-1
 is plotted in Fig. 26 and Fig. 27. The temperature variation is 
similar which can be explained by an approximately equivalent role of sulphur and 
carbon species. 
 
 
Fig. 26.   Planck means as a function of temperature for various mixtures of SF6 
and PTFE. 
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Fig. 27.   Rosseland means as a function of temperature for various mixtures of 
SF6 and PTFE. 
 
 
8.3.1. ISOTHERMAL PLASMA CYLINDER 
As in case of air and SF6 plasma, attention was first given to isothermal plasma. 
The net emission coefficients have been calculated by combining equations (128), 
(129). Calculations have been performed for isothermal cylindrical plasma of various 
radii (0.01 – 10) cm in temperature range (1 000 – 35 000) K and pressures from  
0.5 MPa to 5 MPa. A comparison of the net emission coefficient calculated using 
various averaging methods with results of Aubrecht [32] is given in the Fig. 28. 
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Fig. 28.   Net emission coefficients as a function of temperature for various 
absorption means. Calculated for the mixture of 20 % SF6 + 80 % PTFE. Plasma radius 
is 0.1 cm. Comparison with results of Aubrecht [32]. 
 
The influence of an admixture of PTFE on the values of the net emission 
coefficients of SF6 plasma is given in the Fig. 29 for plasma thickness 0.1 cm and 
pressure 2 MPa. Differences between net emission coefficients are small. It can be 
explained by an approximately equivalent role of sulphur and carbon species. Both 
sulphur and carbon atoms and ions have similar behavior as far as radiation emission 
concerns. 
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Fig. 29.   Net emission coefficients of different mixtures of SF6 and PTFE as a 
function of temperature at the pressure of 2 MPa for various absorption means. 
 
 
8.3.2  PLASMA WITH GIVEN TEMPERATURE PROFILE 
A 1D axisymmetric plasma column of radius R defined by the temperature radial 
profile T(r) and the constant pressure p was considered. The prescribed temperature 
profile is given by the following fitting function [35] 
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where T0 is the temperature at the arc axes, Tw is the temperature at the plasma edge, 
and r is the radial distance from the arc axes. It corresponds to an axially blown arc at 
the pressure 1 MPa. The temperature profile is shown in the Fig. 30. 
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Fig. 30.    Model temperature profile. 
 
Fig. 31 shows results of the net emission for different averaging methods in the 
mixture of 80 % SF6 and 20 % PTFE at the pressure of 1 MPa. In Figs. 32 and 33, we 
compare net emission for three different plasmas: pure SF6, 80 % SF6 + 20 % PTFE, 
and 20 % SF6 + 80 % PTFE calculated using Planck and Roseland means, respectively. 
We can draw that Rosseland averaging gives very low values of emission of radiation in 
hot parts of the plasma, and also neglects the absorption of radiation in cold edge of the 
plasma cylinder. The admixture of PTFE leads to higher irradiation at the arc center and 
less absorption at the arc edge. These phenomena can be explained by the absorption 
coefficients behavior in the ultra violet region. The absorption of pure SF6 plasma is 
higher at low temperatures (below 5 000 K) in comparison to pure PTFE plasma. At 
temperatures above 15 000 K, the absorption coefficients (and also emission 
coefficients) of pure PTFE plasma are higher in comparison to pure SF6 plasma. 
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Fig. 31.   Divergence of radiation flux (net emission) in the mixture of  
80 % SF6 + 20 % PTFE for various spectral averaging. 
 
 
Fig. 32.   Net emission as a function of radial distance in various arc plasmas 
calculated using Planck mean absorption coefficients. 
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Fig. 33.   Net emission as a function of radial distance in various arc plasmas 
calculated using Rosseland mean absorption coefficients. 
 
The P1-approximation is a very popular method since it reduces the equation of 
radiation transfer to a relatively simple elliptic partial differential equation (or more 
precisely in a system of several equations in case of multigroup approximation for non-
grey medium) which is compatible with standard methods for the solution of the overall 
energy conservation equation (also a partial differential equation) and therefore does not 
increase the simulation time significantly. However, it must be remembered that the  
P1-approximation modifies the angular distribution of the radiation and that it may leads 
to substantial errors in optically thin plasmas.  
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9. CONCLUSION 
The electric arc is important in many technical applications, both because of its 
desired physical properties or as an unwanted result of dielectric breakdown. 
Experiments involving electric arcs are difficult, especially when it comes to accurately 
measuring the conditions inside the arc. Therefore, an extensive research has gone into 
the numerical modeling and simulation of arcs for various applications. Due to the high 
temperatures present in the arc, radiation is the dominant mechanism of energy transport 
and has to be included in the simulation. The proper treatment of radiative heat transfer 
in simulations of electric arcs is difficult for two main reasons: the radiation transfer 
equation itself, which is computationally expensive to solve, and the very complex 
nature of the absorption spectrum of an ionized gas. 
The principal objective of this dissertation thesis was to investigate the radiation 
transfer in various arc plasmas using the approximate method of spherical harmonic 
functions (PN-approximation). The method of spherical harmonics provides a vehicle to 
obtain an approximate solution of arbitrarily high order (i.e. accuracy), but for higher-
order approximations the mathematical complexity increases extremely rapidly. 
Therefore, usually only the P1-approximation is used in radiation transfer models. 
In the thesis, basic principles of PN-approximation were explained, but the main 
attention was given to P3-approximation, and especially to P1-approximation. Using the 
P1-approximation the radiation characteristics of plasmas of air, SF6, and various 
mixtures of SF6 and PTFE were calculated. As the first step, the effective absorption 
coefficients of the plasma as a function of pressure, temperature and plasma 
composition in frequency range (0.01 – 10)1015 s-1 were computed. Second, as the 
resulting absorption spectrum depends very strongly on the frequency, an efficient way 
of averaging the absorption coefficients into frequency groups had to be found. The 
frequency interval was split into 11 frequency groups for which both Planck and 
Rosseland absorption means were calculated. These absorption means were applied in 
following calculations. 
The P1-approximation equations were solved under assumption of isothermal 
plasma cylinder as well as for model temperature profiles of cylindrically symmetrical 
plasma. In case of isothermal plasma the equations can be solved analytically and their 
solution is the net emission coefficient. For plasmas with model temperature profiles the 
equations were solved using the solver FlexPDE for solution of partial differential 
equations.  Both radiation flux and its divergence (net emission of radiation) were 
calculated for above mentioned plasmas.  
Results of this work were compared with values of net emission coefficients, 
radiation flux and divergence of radiation flux, which were calculated earlier at our 
faculty by the method of partial characteristics. From the comparison follows that 
Planck means generally overestimate the emission of radiation, and Rosseland means 
underestimate it. Planck means give good results only for very small plasma radius 
(omitting of self-absorption). Rosseland mean is a suitable approach for thick plasma 
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(absorption dominated system). In reality, neither mean is correct in general. The 
simplest procedure to improve the accuracy is to use the Planck mean for frequency 
groups with low values of absorption coefficients and the Rosseland mean for groups 
with high value of absorption coefficients. This approach was partially applied in case 
of SF6 plasma.  
The P1-approximation itself becomes less reliable in the optically thin limit and 
also, if the radiation field is anisotropic. However, it has enjoyed great popularity 
because of its relative simplicity and compatibility with standard methods for the 
solution of CFD equations. Therefore, results of this thesis are used by our colleagues 
from Institute of Plasma Physics, Prague, Siemens AG Corporate Technology, Germany 
and ABB Corporate Research, Schwitzerland in mathematical models of electric arcs. 
Results of this work have been published in number of scientific articles: 8 local 
conference papers, 6 international conference papers (3 of them are registered in 
Scopus), 8 reviewed journal papers (2 registered in Scopus), and 1 impacted journal 
paper. 
The main contribution of this work can be summarized in following main points: 
 Calculation of absorption coefficients of air, SF6 and mixtures of SF6 and PTFE. 
 Calculation of Planck and Rosseland absorption means for suitable splitting of the 
frequency interval. 
 Solution of P1-approximation equations for isothermal plasma cylinder and 
calculation of net emission coefficients. 
 Solution of P1-approximation equations for cylindrically symmetrical plasma with 
model temperature profiles and calculation of radiation flux and its divergence. 
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APPENDIX 1 
Description of code for calculation of absorption coefficients of SF6 and 
PTFE plasma mixtures  
The code is used for calculation of absorption coefficients of SF6 and PTFE 
plasma mixtures for given plasma temperature and pressure as a function of radiation 
frequency. 
If we call from Total Commander the file kabs_sf6_ptfe.exe and the file with the 
required ratio of the concentration of SF6 and PTFE (e.g. con_20SF6_80PTFE_10.dat) 
with the necessary pressure, the following window will open: 
 
Next, it is necessary to select the type of radiation which will be taken into 
account. Here (1) – only continuum spectrum; (2) – spectral lines + continuum 
spectrum. 
Then the name of the file must be entered. In this file are recorded the results 
from calculation of the absorption coefficient depending on the frequency or 
wavelength.  
 
Also temperature of plasma, frequency range and interval of changing frequency 
must be entered for further calculation. 
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In this case, the frequency range was 151010)-(0.01   s
-1
 with 
increment 15100.001  s-1. The calculation was carried out for temperatures in the range 
from 1 000 K to 35 000 K with increment 1 000 K. 
 
Thereafter the calculated values are remained in the specified file. 
 
APPENDIX 2 
FlexPDE script – 1D  
TITLE 'Radiation transfer, P1-approximation, Planck mean' {the problem identification} 
COORDINATES cylinder1  {coordinate system, 1D,2D,3D, etc} 
VARIABLES {system variables} 
u1, u2, u3, u4, u5, u6, u7, u8, u9, u10, u11 {partial radiation energy density *c } 
 
DEFINITIONS {parameter definitions} 
pol=0.3  {arc radius} 
n=10  {exponent depending on the form of the arc / 0.1 or 10} 
T0 = 25000 {temperature on the arc axes} 
Tw = 300          {temperature at the arc edge} 
TEMP=((T0^(1/n)-Tw^(1/n))*(1-(R/pol)^2)+Tw^(1/n))^n          {temperature variation 
with radial distance} 
 
ac1 = TABLE ("Planck1.tbl")  {partial absorption coefficients} 
ac2=TABLE ("Planck2.tbl") 
ac3=TABLE ("Planck3.tbl") 
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ac4=TABLE ("Planck4.tbl") 
ac5=TABLE ("Planck5.tbl") 
ac6=TABLE ("Planck6.tbl") 
ac7=TABLE ("Planck7.tbl") 
ac8=TABLE ("Planck8.tbl") 
ac9=TABLE ("Planck9.tbl") 
ac10=TABLE ("Planck10.tbl") 
ac11=TABLE ("Planck11.tbl") 
 
b1 = TABLE("zdroj1.tbl") {integrated Planck function} 
b2=TABLE("zdroj2.tbl") 
b3=TABLE("zdroj3.tbl") 
b4=TABLE("zdroj4.tbl") 
b5=TABLE("zdroj5.tbl") 
b6=TABLE("zdroj6.tbl") 
b7=TABLE("zdroj7.tbl") 
b8=TABLE("zdroj8.tbl") 
b9=TABLE("zdroj9.tbl") 
b10=TABLE("zdroj10.tbl") 
b11=TABLE("zdroj11.tbl") 
 
k1=1/(3*ac1)  {array of coefficients in equation of transfer} 
k2=1/(3*ac2) 
k3=1/(3*ac3) 
k4=1/(3*ac4) 
k5=1/(3*ac5) 
k6=1/(3*ac6) 
k7=1/(3*ac7) 
k8=1/(3*ac8) 
k9=1/(3*ac9) 
k10=1/(3*ac10) 
k11=1/(3*ac11) 
Radiation transfer of energy in arc plasma 
 
 80 
 
source1= (- 4*PI*b1 + u1)*ac1  {array of sources in equation of transfer} 
source2= (- 4*PI*b2 + u2)*ac2 
source3=(- 4*PI*b3 + u3)*ac3 
source4= (- 4*PI*b4 + u4)*ac4 
source5=( - 4*PI*b5 + u5)*ac5 
source6=( - 4*PI*b6 + u6)*ac6 
source7=( - 4*PI*b7 + u7)*ac7 
source8=( - 4*PI*b8 + u8)*ac8 
source9=( - 4*PI*b9 + u9)*ac9 
source10=( - 4*PI*b10 + u10)*ac10 
source11=( - 4*PI*b11 + u11)*ac11 
 
energy= u1 + u2 + u3 + u4 + u5  + u6 + u7 + u8 + u9 + u10 + u11 {total radiation 
energy density} 
netemission = source1 +  source2 + source3 + source4 + source5  + source6 + source7 + 
source8 + source9 + source10 + source11  {total divergence of flux} 
flux= -k1*grad(u1) - k2*grad(u2) - k3*grad(u3) - k4*grad(u4)- k5*grad(u5) - 
k6*grad(u6) - k7*grad(u7) - k8*grad(u8) - k9*grad(u9) - k10*grad(u10) - 
k11*grad(u11)  {total flux} 
 
EQUATIONS  {PDE's, one for each variable} 
u1:  div(-k1*grad(u1))+source1=0  
u2:  div(-k2*grad(u2))+source2=0 
u3:  div(-k3*grad(u3))+source3=0 
u4:  div(-k4*grad(u4))+source4=0 
u5:  div(-k5*grad(u5))+source5=0 
u6:  div(-k6*grad(u6))+source6=0 
u7:  div(-k7*grad(u7))+source7=0 
u8:  div(-k8*grad(u8))+source8=0 
u9:  div(-k9*grad(u9))+source9=0 
u10:  div(-k10*grad(u10))+source10=0 
u11:  div(-k11*grad(u11))+source11=0 
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BOUNDARIES {The domain definition} 
  REGION 1 {For each material region} 
     START "hranice" (0) {Walk the domain boundary} 
 
 
POINT NATURAL(u1)=0 
POINT NATURAL(u2)=0 
POINT NATURAL(u3)=0 
POINT NATURAL(u4)=0 
POINT NATURAL(u5)=0 
POINT NATURAL(u6)= 0 
POINT NATURAL(u7)= 0 
POINT NATURAL(u8)= 0 
POINT NATURAL(u9)= 0 
POINT NATURAL(u10)= 0 
POINT NATURAL(u11)= 0 
 
LINE TO (pol) 
POINT NATURAL(u1)= -(u1)/2 
POINT NATURAL(u2)= -(u2)/2 
POINT NATURAL(u3)= -(u3)/2 
POINT NATURAL(u4)= -(u4)/2 
POINT NATURAL(u5)= -(u5)/2 
POINT NATURAL(u6)= -(u6))/2 
POINT NATURAL(u7)= -(u7))/2 
POINT NATURAL(u8)= -(u8))/2 
POINT NATURAL(u9)= -(u9))/2 
POINT NATURAL(u10)= -(u10))/2 
POINT NATURAL(u11)= -(u11))/2 
 
PLOTS {save result displays} 
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ELEVATION(energy) FROM (0) TO (pol) 
ELEVATION(-netemission) FROM (0) TO (pol) 
ELEVATION(TEMP) FROM(0) TO(pol) 
ELEVATION(magnitude(flux)) FROM(0) TO(pol) 
END 
 
 
 
 
FlexPDE script – 2D 
TITLE 'Radiation_2D, P1-approxiamtion, Planck mean' {the problem identification} 
COORDINATES cartesian2 {coordinate system, 1D,2D,3D, etc} 
VARIABLES {system variables} 
u1, u2, u3, u4, u5, u6, u7, u8, u9, u10, u11 {partial radiation energy density *c} 
 
DEFINITIONS {parameter definitions} 
pol=0.3  {arc radius} 
n=10  {exponent depending on the form of the arc / 0.1 or 10} 
T0 = 25000  {temperature on the arc axes} 
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Tw = 300  {temperature at the arc edge} 
TEMP=((T0^(1/n)-Tw^(1/n))*(1-(R/pol)^2)+Tw^(1/n))^n  {temperature 
variation with radial distance} 
 
ac1 = TABLE ("Planck1.tbl")  {absorption coefficients} 
ac2=TABLE ("Planck2.tbl") 
ac3=TABLE ("Planck3.tbl") 
ac4=TABLE ("Planck4.tbl") 
ac5=TABLE ("Planck5.tbl") 
ac6=TABLE ("Planck6.tbl") 
ac7=TABLE ("Planck7.tbl") 
ac8=TABLE ("Planck8.tbl") 
ac9=TABLE ("Planck9.tbl") 
ac10=TABLE ("Planck10.tbl") 
ac11=TABLE ("Planck11.tbl") 
 
b1 = TABLE("zdroj1.tbl")  {integrated Planck function} 
b2=TABLE("zdroj2.tbl") 
b3=TABLE("zdroj3.tbl") 
b4=TABLE("zdroj4.tbl") 
b5=TABLE("zdroj5.tbl") 
b6=TABLE("zdroj6.tbl") 
b7=TABLE("zdroj7.tbl") 
b8=TABLE("zdroj8.tbl") 
b9=TABLE("zdroj9.tbl") 
b10=TABLE("zdroj10.tbl") 
b11=TABLE("zdroj11.tbl") 
 
k1=1/(3*ac1)  {array of coefficients in equation of transfer} 
k2=1/(3*ac2) 
k3=1/(3*ac3) 
k4=1/(3*ac4) 
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k5=1/(3*ac5) 
k6=1/(3*ac6) 
k7=1/(3*ac7) 
k8=1/(3*ac8) 
k9=1/(3*ac9) 
k10=1/(3*ac10) 
k11=1/(3*ac11) 
source1= (- 4*PI*b1 + u1)*ac1  {array of sources in equation of transfer} 
source2= (- 4*PI*b2 + u2)*ac2 
source3=(- 4*PI*b3 + u3)*ac3 
source4= (- 4*PI*b4 + u4)*ac4 
source5=( - 4*PI*b5 + u5)*ac5 
source6=( - 4*PI*b6 + u6)*ac6 
source7=( - 4*PI*b7 + u7)*ac7 
source8=( - 4*PI*b8 + u8)*ac8 
source9=( - 4*PI*b9 + u9)*ac9 
source10=( - 4*PI*b10 + u10)*ac10 
source11=( - 4*PI*b11 + u11)*ac11 
 
energy= u1 + u2 + u3 + u4 + u5  + u6 + u7 + u8 + u9 + u10 + u11 {total radiation 
energy density} 
netemission= source1 +  source2 + source3 + source4 + source5  + source6 + source7 + 
source8 + source9 + source10 + source11 {total divergence of flux} 
flux= -k1*grad(u1) - k2*grad(u2) - k3*grad(u3) - k4*grad(u4) - k5*grad(u5)  - 
k6*grad(u6) - k7*grad(u7) - k8*grad(u8) - k9*grad(u9) - k10*grad(u10) - 
k11*grad(u11)  {total flux} 
 
EQUATIONS  {PDE's, one for each variable} 
u1:  div(-k1*grad(u1))+source1=0 
u2:  div(-k2*grad(u2))+source2=0 
u3:  div(-k3*grad(u3))+source3=0 
u4:  div(-k4*grad(u4))+source4=0 
u5:  div(-k5*grad(u5))+source5=0 
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u6:  div(-k6*grad(u6))+source6=0 
u7:  div(-k7*grad(u7))+source7=0 
u8:  div(-k8*grad(u8))+source8=0 
u9:  div(-k9*grad(u9))+source9=0 
u10:  div(-k10*grad(u10))+source10=0 
u11:  div(-k11*grad(u11))+source11=0 
 
BOUNDARIES {The domain definition} 
REGION 1  {For each material region} 
   START "hranice" (pol,0) {Walk the domain boundary} 
 
   NATURAL(u1)= -(u1))/2 
   NATURAL(u2)= -(u2))/2 
   NATURAL(u3)= -(u3))/2 
   NATURAL(u4)= -(u4))/2 
   NATURAL(u5)= -(u5))/2 
   NATURAL(u6)= -(u6))/2 
   NATURAL(u7)= -(u7))/2 
   NATURAL(u8)= -(u8))/2 
   NATURAL(u9)= -(u9))/2 
   NATURAL(u10)= -(u10))/2 
   NATURAL(u11)= -(u11))/2 
 
  ARC(CENTER=0,0) ANGLE=360 TO CLOSE 
 
PLOTS {save result displays} 
CONTOUR(-netemission) 
SURFACE(-netemission) 
ELEVATION(-netemission) FROM (0,0) TO (pol,0) 
ELEVATION(TEMP) FROM(0,0) TO(pol,0) 
VECTOR(flux) 
ELEVATION(magnitude(flux)) FROM(0,0) TO(pol,0) 
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END 
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processes in low voltage switching devices. 
GD102/09/H074 Diagnostics of material defects using the latest 
defectoscopic methods. 
FRVS 2549/2010/G1 The modernization of laboratories for non-
destructive testing of components using noise spectroscopy. 
FEKT-S-10-4 Research of methodologies for improvement the 
optoelectronic materials and devices quality. 
 
 
Active participation in conferences 
 
Physics of Switching Arc (FSO) 2013, Nové Město na Moravě, 
Czech Republic; 
5th. Central European Symposium on Plasma Chemistry, 
Balatonalmádi, Hungary; 
Renewable sources of energy (OZE) 2013, Kouty nad Desnou, 
Czech Republic; 
 
12th European Plasma Conference, Bologna, Italy; 
19th European Conference on Fracture, Kazan, Russian Federation; 
Renewable sources of energy (OZE) 2012, Kouty nad Desnou, 
Czech Republic; 
 
Physics of Switching Arc (FSO) 2011, Nové Město na Moravě, 
Czech Republic; 
New trends in physics NTF 2012 Brno, Czech Republic; 
 
11th High-Tech Plasma Processes Conference, Brusel, Belgium; 
Second forum of young researchers, Izhevsk, Russian Federation; 
 
Physics of Switching Arc (FSO) 2009, Nové Město na Moravě, 
Czech Republic. 
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